In this paper, we prove transportation inequalities on the space of continuous paths with respect to the uniform metric, for the law of solution to a stochastic heat equation defined on r0, T sˆr0, 1s d . This equation is driven by the Gaussian noise, white in time and colored in space. The proof is based on a new moment inequality under the uniform metric for the stochastic convolution with respect to the time-white and space-colored noise, which is of independent interest.
Introduction
The purpose of this paper is to study Talagrand's T 2 -transportation inequality for the following d-dimensional spatial stochastic heat equation on r0, 1s d , $ ' & ' % B Bt upt, xq " ∆upt, xq`σpupt, xqq 9 F pt, xq`bpupt, xqq, t ě 0, x P p0, 1q d , upt, xq " 0, x P Bpr0, 1s d q, up0, xq " u 0 pxq, x P r0, 1s d ,
where ∆ is the Laplacian operator on p0, 1q d , Bpr0, 1s d q is the boundary of r0, 1s d , and u 0 is a continuous function on r0, 1s d with u 0 pxq " 0 for any x P Bpr0, 1s d q. Assume that the coefficients σ and b satisfy the following conditions:
(C1). σ and b are Lipschitzian, i.e., there exist some constants L σ , L b P r0, 8q such that |σpv 1 q´σpv 2 q| ď L σ |v 1´v2 |, |bpv 1 q´bpv 2 q| ď L b |v 1´v2 |, @v 1 , v 2 P R.
(1.2) (C2). σ is bounded, i.e., there exists a constant K σ P p0, 8q such that |σpvq| ď K σ , @v P R.
Throughout this paper, we work on a filtered probability space pΩ, F , tF t u tě0 , Pq, where the filtration tF t u tě0 satisfies the usual conditions. The noise F " tF pϕq, ϕ : R d`1 Ñ Ru is an L 2 pΩ, F , Pq-valued Gaussian process with mean zero and covariance functional given by Jpϕ, ψq :"
dyϕps, xqf px´yqψps, yq, ϕ, ψ P SpR d`1 q, (1.4) where f : R d Ñ R`is continuous on R d zt0u, and SpR d`1 q is the space of all Schwartz functions on R d`1 , all of whose derivatives are rapidly decreasing. As a covariance functional of a Gaussian process, the functional Jp¨,¨q should be non-negative definite,
this implies that f is symmetric (f pxq " f p´xq for all x P R d ), and is equivalent to the existence of a non-negative tempered measure λ on R d , whose Fourier transform is f . More precisely, the relationship between λ and f is that for all ϕ P SpR d q, ż
here F ϕ is the Fourier transform of ϕ, F ϕpξq :" ş R d expp´2iπξ¨xqϕpxqdx. See [7] for details.
In this paper, we assume the following hypothesis:
pH η q. There exists a constant η P r0, 1q satisfying that
(1.6)
For instance, the tempered measure λ associated with the function f pxq " |x|´κ, κ P p0, 2^dq, satisfies (1.6).
As in R. Dalang [7] , the Gaussian process F can be extended to a worthy martingale measure, in the sense of J. Walsh [26] , thus we can use the Walsh integral against F to give the definition of mild solutions to (1.1) as follows. A continuous adapted random field u " tupt, xq, pt, xq P R`ˆr0, 1s d u is called a mild solution of equation ( where G t px, yq is the Green kernel associated with the heat equation on r0, 1s d :
(1.8)
The study of existence and uniqueness of solution to equation (1.7) on R d has been studied by R. Dalang in [7] . Many other authors have also studied d-dimensional spatial stochastic heat equations, see [12, 14] and references therein. Under the assumption (C1) and pH η q for η P r0, 1q, D. Márquez-Carreras and M. Sarrà [14] proved that equation (1.1) admits a unique solution.
In this paper, we shall study Talagrand's transportation inequality for solution of equation (1.1) under the uniform metric. Let us first recall the transportation inequality. Let pE, dq be a metric space, and MpEq be the space of all probability measures on E. Given µ, ν P MpEq and p ě 1, the Wasserstein distance is defined by
where the infimum is taken over all the probability measures π on EˆE with marginal distributions µ and ν. The relative entropy of ν with respect to µ is defined as
The probability measure µ satisfies the T p -transportation inequality on pE, dq if there exists a constant C ą 0 such that for any probability measure ν on E,
As usual, we write µ P T p for this relation. The properties T 1 and T 2 are particularly interesting. It is known that Talagrand's transportation inequality is closely related to the concentration of measure phenomenon, the log-Sobolev and Poincaré inequalities, see for instance monographs [1, 18, 20, 25] . Recently, the problem of transportation inequalities to stochastic (partial) differential equations has been widely studied and is still a very active research area from both a theoretical and an applied point of view, for example see [10, 13, 17] and references therein.
The work of M. Talagrand [24] on the Gaussian measure had been generalized by D. Feyel and A. S.Üstunel [11] to the framework of the abstract Wiener space. For stochastic differential equations (SDEs for short), by means of Girsanov transformation and the martingale representation theorem, the T 2 w.r.t. the L 2 and the Cameron-Martin metrics were established by H. Djellout et al. [9] ; the T 2 w.r.t. the uniform metric was obtained by L. Wu and Z. Zhang [28] . J. Bao et al. [2] established the T 2 w.r.t. both the uniform and the L 2 metrics on the path space for the segment processes associated with a class of neutral functional stochastic differential equations. B. Saussereau [22] studied the T 2 for SDEs driven by fractional Brownian motion, and S. Riedel [21] extended this result to SDEs driven by general Gaussian processes by using Lyons' rough paths theory.
For stochastic partial differential equations (SPDEs for short), L. Wu and Z. Zhang [29] studied the T 2 w.r.t. the L 2 metric by Galerkin approximations. B. Boufoussi and S. Hajji [4] obtained the T 2 w.r.t. the L 2 metric for stochastic heat equations driven by space-time white noise by Girsanov transformation, while D. Khoshnevisan and A. Sarantsev [16] studied this problem for more general SPDEs. T. Zhang and the first named author [23] established the T 2 w.r.t. the uniform metric for the stochastic heat equation driven by multiplicative space-time white noise. The above results are all forced on the SPDEs with deterministic initial values. Recently, F.-Y. Wang and T. Zhang [27] studied the transportation inequalities for SPDEs with random initial values.
The aim of this paper is to prove that under the uniform metric, the T 2 holds for stochastic heat equations driven by multiplicative time-white and space-colored noise. Our new contribution is the pth-moment inequality under the uniform metric for the stochastic convolution with respect to the time-white and space-colored noise, which is of independent interest.
The rest of the paper is organized as follows. In Section 2, we first recall some facts about the stochastic integrals with respect to the time-white and space-colored noise, and establish the pth-moment inequality under the uniform metric for the stochastic convolution with respect to the time-white and space-colored noise. In Section 3, we prove the T 2 for the law of the solution to equation (1.1).
Stochastic integrals and moment estimates for the stochastic evolution
2.1. Stochastic integrals with respect to time-white and space-colored noise.
Recall (1.5) . Denote by H the Hilbert space obtained by the completion of SpR d q with respect to the inner product xφ, ψy H :"
here z is the conjugate of the complex number z. The norm induced by x¨,¨y H is denoted by }¨} H . Recall that the predictable σ-field on Ωˆr0, T s is generated by the sets tps, tsˆA; A P F s , 0 ď s ă t ď T u. There are two ways to define the stochastic integral against time-white and space-colored noise, see [8] for details.
On the one hand, as in R. Dalang [7] , the Gaussian process F can be extended to a worthy martingale measure in the sense of J. Walsh [26] . By using the approximation technique, for any H-valued predictable process g P L 2 pΩˆr0, T s; Hq, the stochastic integral
is well-defined, see [7] . Furthermore, the above Walsh integral can be defined for g P L 2 pr0, T s; Hq, P-a.s., by using localization techniques. On the other hand, for any orthonormal basis te k u kě1 of the Hilbert space H, the family of processes "
* are a sequence of independent standard Wiener processes and the process B t :" ř kě1 B k t e k is a cylindrical Brownian motion on H. It is well-known that (see [6] or [8] ) for any Hvalued predictable process g P L 2 pΩˆr0, T s; Hq, we can define the stochastic integral with respect to the cylindrical Wiener process B as follows:
Note that the above series converges in L 2 pΩ, F , Pq and the sum does not depend on the selected orthonormal basis. Moreover, each summand, in the above series, is a classical Itô integral with respect to a standard Brownian motion.
By [8, Proposition 2.6], we know that for any H-valued predictable process g P L 2 pΩr 0, T s; Hq,
Moment estimates for the stochastic convolution under the uniform metric. In this part, we will establish some moment estimates for the stochastic convolution driven by the time-white and space-colored noise. This part is inspired by [23] in the case of the space-time white noise. For any random variable ξ P L p pΩq, let }ξ} L p pΩq :" pE|ξ| p q 1 p .
Proposition 2.1. Let tσps, yq, ps, yq P r0, T sˆr0, 1s d u be a predictable random field and tp s px, yq, ps, x, yq P r0, T sˆr0, 1s dˆr 0, 1s d u be a deterministic function such that the following stochastic integral is well-defined. Then for any t P r0, T s, x P r0, 1s d and p ě 2,
(2.14)
Proof. By Burkholder's inequality (see [ Then we take p 2 -th power on both sides of the above inequality to obtain (2.14) . The proof is complete. Proof. The proof is based on the factorization method, which is inspired by [23] . We shall give its proof for the completeness. Obviously, we can assume that the right hand side of (2.17) is finite. Choose α such that where we have used the condition α ą d 2p`1 p , so that In view of (2.23) and (2.25), a straightforward calculation leads to
This completes the proof of the estimate (2.17).
Based on Proposition 2.2, we can obtain the following estimate by using the argument in the proof of [23, Proposition 3.4 ]. The proof is omitted here. Let tupt, xq, pt, xq P r0, T sˆr0, 1s d u be the unique solution of the equation (1.1) . For any µ P MpEq, let P µ be the distribution of the solution tupt, xq, pt, xq P r0, T sˆr0, 1s d u on E T such that the law of u 0 is µ. Particularly, if µ " δ u 0 for some u 0 P E, we write P u 0 :" P δµ 0 for short.
Here are the main results of this section.
Theorem 3.1. Under (C1), (C2) and pH η q, for any deterministic initial value u 0 P E. the law P u 0 satisfies the T 2 -transportation inequality on the space E T with respect to the uniform metric.
Applying Proposition 2.3 and Theorem 3.1 and using the same approach in the proof of [27, Theorem 3.1], we can get the following transportation inequality for the stochastic heat equation with random initial values, whose proof is omitted here. holds for some constant c ą 0.
3.2. The proof of Theorem 3.1. We will apply the Girsanov theorem to prove Theorem 3.1. To do this, we need the following lemma describing all probability measures which are absolutely continuous with respect to P u 0 . It is analogous to [9, Theorem 5.6] in the setting of finite-dimensional Brownian motion and [16, Lemma 3.1] in the setting of space-time white noise. For the completeness, we give its proof here. is a cylindrical Wiener process on H under Q. Furthermore,
36)
where E Q denotes the expectation under the probability measure Q.
Proof. The proof is adapted from [9, Theorem 5.6]. Let
Then pM t q tPr0,T s is a nonnegative P-martingale. Let τ :" inftt ě 0; Mptq " 0u^T with the convention inf H :" 8. Then Qpτ " T q " 1, and the martingale M can be represented as the stochastic exponential of another continuous local martingale L:
where Lptq " ş t 0 dM psq M psq for t ă τ . By the martingale representation theorem (e.g., [5, Theorem 2.3]), we know that there is a predictable process h " thptq; t P r0, τ qu valued in H such that ż t 0 }hpsq} 2 H ds ă`8, t ă τ, P´a.s., and
Lptq "
where the above integral is defined as in (2.12) . By the Girsanov theorem (e.g., [5, Theorem 2.2] or [6, Theorem 10.14] ), we know that
hpsqds, t P r0, T s is a cylindrical Wiener process on H under Q. Let τ n :" inf tt P r0, τ q; rLs t " nu^τ with the same convention that inf H :" 8. Then τ n Ò τ , P-a.s., and by the martingale convergence theorem, we have
By Girsanov formula, tLpt^τ n q´rLs t^τn , t P r0, T su is a Q-local martingale, then a true martingale since its quadratic variation process under Q, being again trLs t^τn , t P r0, T su, is bounded by n. Consequently, E Q pLpT^τ n q´rLs T^τn q " 0. Substituting it into the proceeding equality and by the monotone convergence, we have
The proof is complete.
Proof of Theorem 3.1. For any Q ! P u 0 such that HpQ|P u 0 q ă 8, let Q be defined as (3.33 ) and h be the corresponding process appeared in Lemma 3.1. Then it is easy to see that the solution of equation ( This proves (3.41). The proof is complete.
Appendix
To make reading easier, we present here some results on the kernel G associated with equation ( where K η is the constant in (1.6). Consequently, we have ż T 0 }G t px,¨q} 2 H dt ď C G,T,η , @x P r0, 1s d , (4.54)
where C G,T,η :"
(4.55)
Proof. By (2.10) and (4.50), we have for any t ą 0, 1 p1`|ξ| 2 q η λpdξq ďK η´1 _´η 8π 2¯η t´η¯. Based on the above inequality, it is easily to obtain (4.54). The proof is complete.
